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Abstract. Given Tychonoff spaces X and Y , Uspenskij proved in [15] that if X
is pseudocompact and Cp(X) is uniformly homeomorphic to Cp(Y ), then Y is also
pseudocompact. In particular, if Cp(X) is linearly homeomorphic to Cp(Y ), then X
is pseudocompact if and only if so is Y . This easily implies Arhangel’skii’s theorem
[1] which states that, in the case when Cp(X) is linearly homeomorphic to Cp(Y ),
the space X is compact if and only if Y is compact. We will establish that existence
of a linear homeomorphism between the spaces C∗

p (X) and C∗
p (Y ) implies that X is

(pseudo)compact if and only if so is Y . We will also show that the methods of proof
used by Arhangel’skii and Uspenskij do not work in our case.

Mathematics Subject Classification (2020): 54C35, 57N17.

Key words: Function space, l∗p-equivalence, metric space, pseudocompact space, compact
space.

1. Introduction. All spaces in this article are assumed to be Tychonoff. Given
a space X, the expression C(X) stands for the set of all real-valued continuous
function on X and C∗(X) = {f ∈ C(X) : f is bounded}. The set C(X) endowed
with the topology of pointwise convergence is denoted by Cp(X) and C∗

p (X) is the
set C∗(X) with the topology inherited from Cp(X). It is worth mentioning that
both Cp(X) and C∗

p (X) are dense linear subspaces of RX . The study of spaces
Cp(X) is often called Cp-theory; an overview of what has been achieved in this
area can be found in the books [11]–[14].
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Gul’ko and Khmyleva proved in [6], among other things, that the space Cp(R) is
homeomorphic to Cp([0, 1]) and hence compactness is not preserved by homeomor-
phisms of spaces Cp(X). The results of Dobrowolski, Marciszewski and Mogilski
[5] imply that there exists a compact space X such that C∗

p (X) is homeomorphic
to C∗

p (Y ) for some non-compact space Y ; here X can be the convergent sequence

{0} ∪ { 1
n+1 : n ∈ ω} with its limit and Y the space Q of rational numbers.

However, if a homeomorphism ξ : Cp(X)→ Cp(Y ) is linear, then X is compact
if and only if so is Y : this was proved by Arhangel’skii in [1]. In [15] Uspenskij
strengthened Arhangel’skii’s result showing that even uniform continuity of ξ is
sufficient to preserve both pseudocompactness and compactness. The main purpose
of this paper is to show that existence of a linear homeomorphism between C∗

p (X)
and C∗

p (Y ) implies that the space X is pseudocompact if and only if so is Y . An
immediate consequence of this result is the fact that compactness is also preserved
by linear homeomorphisms between spaces of bounded functions. We will also show
that Arhangel’skii’s method of proof does not work in our case and neither does
Uspenskij’s proof.

2. Linear equivalence and pseudocompact spaces. In [1] Arhangel’skii
proved the following result:

Theorem 2.1. Let X and Y be spaces such that Cp(X) and Cp(Y ) are linearly
homeomorphic. Then X is pseudocompact if and only if Y is pseudocompact.

We will show that this result also holds for linearly homeomorphic function
spaces C∗

p (X) and C∗
p (Y ). Besides, the method of proof of Theorem 2.1 used in [1]

cannot be applied in the case of spaces of bounded functions. To demonstrate this
let us outline the proof given in [1].

Assume that X and Y are spaces and let ϕ : Cp(X)→ Cp(Y ) be a continuous
linear function. For y ∈ Y , the map ψy : Cp(X) → R defined by ψy(f) = ϕ(f)(y)
is continuous and linear. This means that ψy belongs to the dual L(X) of the
space Cp(X). Since the set of evaluation mappings {ξx : x ∈ X} defined by
ξx(f) = f(x) for all x ∈ X and f ∈ Cp(X), form a Hamel basis for L(X), there are
x1, . . . , xn ∈ X and λyx1

, . . . , λyxn
∈ R such that ψy =

∑n
i=1 λ

y
xi
ξxi . Therefore we

have the equality ϕ(f)(y) =
∑n
i=1 λ

y
xi
f(xi) for every f ∈ Cp(X). The set supp(y) =

{x1, . . . , xn} will be called the support of y. For B ⊂ Y , we denote
∪
y∈B supp(y)

by supp(B). Similarly, we can define a support function for continuous linear
functions ϕ : C∗

p (X) → C∗
p (Y ). We define spaces X and Y to be lp-equivalent

(resp. l∗p-equivalent) if Cp(X) and Cp(Y ) (resp. C∗
p (X) and C∗

p (Y )) are linearly
homeomorphic.

The main tool for the proof of Theorem 2.1 is the following result in [1]:

Lemma 2.2. Given spaces X and Y , let ϕ : Cp(X)→ Cp(Y ) be a continuous linear
function. If A ⊂ Y is bounded, then supp(A) ⊂ X is bounded.

Theorem 2.1 now easily follows from the fact that if ϕ is a linear homeomor-
phism, then X = supp(Y ) (see [7, Lemma 6.8.2, p. 406]). To see that compactness
is preserved by lp-equivalence, it suffices to recall the following theorem of Okunev
(see [9]).
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Theorem 2.3. If Cp(X) embeds into Cp(Y ) and Y is σ-compact, then X is also
σ-compact.

Therefore, ifX is compact and Y is lp-equivalent toX, then Y is pseudocompact
by Theorem 2.1 and σ-compact by Theorem 2.3; this, of course, implies that X is
compact.

Let us now try to see where this approach brings us in the case of bounded func-
tions. There is no problem with Okunev’s theorem because if C∗

p (X) is homeomor-
phic to C∗

p (Y ), then Cp(Y ) embeds in C∗
p (Y ) being homeomorphic to Cp(Y, (0, 1)) =

{f ∈ Cp(Y ) : f(Y ) ⊂ (0, 1)}. As a consequence, Cp(Y ) embeds into C∗
p (X) ⊂

Cp(X) so Okunev’s theorem is applicable to see that compactness of X implies
σ-compactness of Y .

But the crucial Lemma 2.2 does not hold for spaces of bounded functions, as
the following example, motivated by Baars and de Groot [3, 1.2.12], shows.

Example 2.4. Let (xn)n∈N be a faithfully indexed sequence converging to a point
x /∈ {xn : n ∈ N}. Consider the space S = {xn : n ∈ N} ∪ {x} and let Z = S ⊕ ω
be the topological sum of S and ω.

Define ϕ : C∗
p (Z)→ C∗

p (Z) by the equalities

ϕ(f)(z) =


f(xn) +

1
nf(2n) if z = xn ∈ S;

f(x) if z = x ∈ S;
f(2n− 1) + f(2n) if z = 2n ∈ ω;
f(2n− 1)− f(2n) if z = 2n− 1 ∈ ω.

Given any f ∈ C∗
p (X) and ε > 0, there exists k ∈ N such that f(Z) ⊂ [−k, k].

Choose m > 2k
ε such that |f(xm)− f(x)| < ε

2 for every n ≥ m . Then for n ≥ m,

|ϕ(f)(xn)− ϕ(f)(x)| = |f(xn)− f(x) + 1
nf(2n)|

≤ |f(xn)− f(x)|+ | 1nf(2n)| <
ε
2 + k

n <
ε
2 + ε

2 = ε.

This shows that ϕ(f) is continuous at the unique non-isolated point x and hence
ϕ is a well-defined continuous linear function.

Define ψ : C∗
p (Z)→ C∗

p (Z) by

ψ(g)(z) =


g(xn)− 1

2n (g(2n)− g(2n− 1)) if z = xn ∈ S;
g(x) if z = x ∈ S;
1
2 (g(2n)− g(2n− 1)) if z = 2n ∈ ω;
1
2 (g(2n) + g(2n+ 1)) if z = 2n− 1 ∈ ω.

Then is also a well-defined continuous linear function. Moreover, ϕ ◦ ψ and
◦ ϕ are the identity maps on Z. Therefore ϕ is a linear homeomorphism. Note

that supp(x) = {x} and we have the equality supp(xn) = {xn, 2n} for every n ∈ N.
Hence supp(S) = S ∪{2n : n ∈ N}. Since S is compact and supp(S) is unbounded,
this shows that Lemma 2.2 indeed does not hold for l∗p-equivalent spaces.
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Observation 2.5. It is even easier to see that, in our case, Uspenskij’s method
does not work either. Uspenskij established in [15] that a spaceX is pseudocompact
if and only if the uniform space Cp(X) is σ-totally bounded. This trivially implies
that, under existence of a uniform homeomorphism between Cp(X) and Cp(Y ), the
spaceX is pseudocompact if and only if so is Y . However, the uniform space C∗

p (X)
is σ-totally bounded for any space X and therefore pseudocompactness cannot be
characterized in this way in terms of the uniform structure of C∗

p (X).

Hence for spaces of bounded functions a new approach is required. We will show
that some non-trivial results from Functional Analysis will do the job. Recall that
the set C∗(X) endowed with the topology of uniform convergence is a Banach space
which we will denote by C∗

u(X). As usual, ∥f∥ = supx∈X |f(x)| is the norm of the
function f for any f ∈ C∗(X). By the closed graph theorem, if ϕ : C∗

p (X)→ C∗
p (Y )

is a linear homeomorphism then ϕ : C∗
u(X) → C∗

u(Y ) is a linear homeomorphism
as well. This implies there exists k ∈ N such that 1

k · ∥f∥ ≤ ∥ϕ(f)∥ ≤ k · ∥f∥ for
each f ∈ C∗(X). Note that if X is compact, then C∗(X) = C(X) and hence we
can denote the Banach space C∗

u(X) by Cu(X).
The following result, see, e.g., Semadeni [10, 19.3.1], is a well-known conse-

quence of the Riesz representation theorem and Lebesgue’s dominated convergence
theorem.

Theorem 2.6. Given a compact space Z, assume that (fn)n∈N is a sequence in
Cu(Z) converging pointwise to a function f ∈ Cu(Z). If supn∈N ∥fn∥ < ∞, then
for every continuous linear functional T : Cu(Z) → R, we have the equality
lim
n→∞

T (fn) = T (f).

We will also need the following result of Okunev [8].

Theorem 2.7. Given a space X, let υX be its Hewitt realcompactification; ob-
serve that the restriction map π : Cp(υX) → Cp(X) is a bijection. Then the map
π|A : A→ π(A) is a homeomorphism for any countable set A ⊂ Cp(X).

We are now ready to present our generalization of Theorem 2.1.

Theorem 2.8. Suppose that C∗
p (X) and C∗

p (Y ) are linearly homeomorphic for
some spacesX and Y . ThenX is pseudocompact if and only if Y is pseudocompact.

Proof. Fix a linear homeomorphism ϕ : C∗
p (X) → C∗

p (Y ) and assume that Y is
pseudocompact and X is not. There exists k ∈ N such that ∥ϕ(f)∥ ≤ k · ∥f∥ for
every f ∈ C∗

p (X); denote by βX the Čech-Stone compactification of X.
Observe that every f ∈ C∗

p (X) has a unique extension eX(f) ∈ Cp(βX); as
an immediate consequence, the space C∗

u(X) is linearly isometric to Cu(βX).
Analogously, if we denote by eY : Cu(Y ) → Cu(βY ) the extension map, then
eY is a linear isometry. Therefore the function ξ : Cu(βX) → Cu(βY ) defined
by ξ(f) = eY (ϕ(f |X)) for each f ∈ Cu(βX), is a linear homeomorphism, and
ξ−1(h) = eX(ϕ−1(h|Y )) for every h ∈ Cu(βY ).

The fact that the space X is not pseudocompact implies that there exists a
discrete family U = {Un : n ∈ N} of non-empty open subsets of X; for every n ∈ N,
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pick a point xn ∈ Un and choose a function fn : X → [0, 1] such that fn(xn) = 1
and fn(X\Un) = 0. Let p ∈ βX\X be a cluster point of the sequence {xn : n ∈ N}.
For every n ∈ N, consider the functions gn =

∑
m≥n fn and hn = ϕ(gn). It is easy

to see that gn ∈ C∗
u(X) and ∥gn∥ = 1 while gn → 0 pointwise in C∗

u(X). Then
hn → 0 pointwise in Cu(Y ) and ∥hn∥ ≤ k for every n ∈ N.

Since Y is pseudocompact, the space βY coincides with the Hewitt realcompact-
ification υY of the space Y so we can apply Theorem 2.7 to see that the restriction
of the map eY : Cp(Y ) → Cp(βY ) to any countable subset of Cp(Y ) is continu-
ous. In particular, eY restricted to the set {hn : n ∈ N} ∪ {0} is continuous and
hence the sequence {eY (hn) : n ∈ N} converges to 0 in the space Cp(βY ). Besides,
∥eY (hn)∥ = ∥hn∥ ≤ k for every n ∈ N because eY is an isometry.

Letting T (f) = f(p) for every f ∈ Cu(βX) we obtain a continuous linear
functional T : Cu(βX) → R. Observe that T (eX(gn)) = eX(gn)(p) = 1 for every
n ∈ N.

Define S : Cu(βY ) → R by S(h) = T (ξ−1(h)) for every h ∈ Cu(Y ). Then S is
a continuous linear functional on Cu(βY ) and we have the equalities

S(eY (hn)) = T (eX(ϕ−1(hn))) = T (eX(gn)) = 1

for every n ∈ N, while S(eY (hn)) → S(0) = 0 by Theorem 2.6, which is a contra-
diction. 2

Corollary 2.9. Assume that C∗
p (X) and C∗

p (Y ) are linearly homeomorphic for
some spaces X and Y . Then X is compact if and only if Y is compact.

Proof. Assume that Y is compact and observe that Cp(X) embeds in C∗
p (X) being

homeomorphic to Cp(X, (0, 1)). Therefore Cp(X) embeds in C∗
p (Y ) which, in turn,

embeds in Cp(Y ). Therefore Cp(X) embeds in Cp(Y ) so X is σ-compact by Theo-
rem 2.3. Since X is also pseudocompact by Theorem 2.8, it must be compact. 2

Observation 2.10. The proof of Corollary 2.9 uses the fact that σ-compactness
is preserved by l∗p-equivalence. Since, in presence of pseudocompactness, even the
Lindelöf property implies compactness, it would be sufficient to establish that l∗p-
equivalence preserves the Lindelöf number. Bouziad showed in [4] that if spaces X
and Y are lp-equivalent, then the Lindelöf numbers of X and Y coincide. A careful
examination of the proof of this result in [14] shows that also for l∗p-equivalent
spaces X and Y the Lindelöf numbers of X and Y are equal. The proof is literally
the same.

Question 2.11. Suppose that C∗
p (X) and C∗

p (Y ) are uniformly homeomorphic. Is
it true that X is pseudocompact if and only if so is Y ?

It is an old question, published by Arhangel’skii in 1988 (see [2]) whether count-
able compactness is preserved by lp-equivalence; this question was also repeated in
[14, Problem 4.4.1]) so, maybe, it is time to find out what happens in the case of
l∗p-equivalence.
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Question 2.12. Suppose that C∗
p (X) and C∗

p (Y ) are linearly homeomorphic and
X is countably compact. Must Y be countably compact?
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4. A. Bouziad, Le degré de Lindelöf est l-invariant, Proc. Amer. Math. Soc. 129 (2001),
913–919.

5. T. Dobrowolski, W. Marciszewski, and J. Mogilski, On topological classifica-
tion of function spaces of low Borel complexity, Trans. Amer. Math. Soc. 328 (1991),
307–324.

6. S.P. Gul’ko and T.E. Khmyleva, The compactness is not preserved by the relation
of t-equivalence, Math. Notes 39(6) (1986), 484–488.

7. J. van Mill, The Infinite-Dimensional Topology of Function Spaces, Vol. 64, North
Holland, Amsterdam, 2002.

8. O.G. Okunev, Spaces of functions in the topology of pointwise convergence: Hewitt
extension and τ -continuous functions, Moscow Univ. Math. Bull. 40(4) (1985), 84–87.

9. , Weak topology of an associated space, and t-equivalence, Math.
Notes 46(1–2) (1990), 534–538.

10. Z. Semadeni, Banach spaces of continuous functions, PWN, Warszawa, 1971.

11. V.V. Tkachuk, A Cp-Theory Problem Book. Topological and Function Spaces,
Springer, New York, 2011.

12. , A Cp-Theory Problem Book. Special Features of Function Spaces,
Springer, New York, 2014.

13. , A Cp-Theory Problem Book. Compactness in Function Spaces,
Springer, New York, 2015.

14. , A Cp-Theory Problem Book. Functional Equivalencies, Springer,
New York, 2016.

15. V.V. Uspenskij, Characterization of compactness in terms of the uniform structure
in function spaces, Russian Math. Surveys 37(4) (1982), 143–144.
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